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1. Introduction
All the groups in this paper are supposed to be ﬁnite. In the recent work [3] the authors character-
ize the 2-groups of maximal class (i.e. dihedral, semidihedral and generalized quaternion groups) as
those having exactly 5 rational irreducible characters (i.e. irreducible complex characters that take all
their values in the ﬁeld of the rational numbers). This result was originally conjectured by G. Navarro
who simultaneously posed the same conjecture about the 2-groups with exactly 5 rational conjugacy
classes (the conjugacy class of an element g in a group G is rational, and g is called a rational element,
if the value of any complex character of G on g is a rational number or, equivalently, g is conjugate
in G to gi for any exponent i coprime to the order of g).
In this paper we show that Navarro’s conjecture is also true for conjugacy classes. This is the main
result, which we now state.
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dihedral, semidihedral or generalized quaternion group.
It is no surprise that our methods are entirely different from those of [3]. The fact that characters
behave much more nicely than conjugacy classes when passing from quotients of a group to the
group itself explains in part the diﬃculties that arise here. To compensate, conjugacy classes have a
better behavior than characters when it comes to dealing with subgroups (at least, rational classes in
a subgroup give rise in a natural way to rational classes in the group).
In [3] the authors also address the problem of characterizing the 2-groups with exactly 4 rational
irreducible characters and as a matter of fact this is the ﬁrst step to solve the 5 rational characters
problem. It is then natural to consider also the problem of characterizing the 2-groups with 4 rational
classes. Our proof of the Main Theorem is independent of the results on the groups with 4 rational
classes, yet the classiﬁcation of these groups will show the, at ﬁrst sight, surprising fact that, although
all 2-groups with 4 rational irreducible characters have 4 rational classes, the converse is not true.
Of course one should argue then why we don’t begin with the 2-groups with 3 rational classes
and in fact this problem is an illustrative example of the differences between dealing with classes and
characters (on the other hand, the classiﬁcation of the 2-groups with 1 or 2 rational classes is fairly
trivial: they are the trivial group and the 2-groups with exactly one involution, respectively). It turns
out that there are no 2-groups with exactly 3 rational classes but, unlike in the case of characters,
the proof is not entirely trivial (we postpone a proof until Section 2).
The notation is standard. G will always denote a ﬁnite 2-group and Ω1(G) will be the subgroup
generated by its involutions and Ω2(G) the subgroup generated by the elements of order  4. A real
element in G is one conjugated to its inverse. Of course for elements of order  4 there is no differ-
ence between being real or rational. Notice also that powers of real (resp. rational) elements are real
(resp. rational) too. G2 will be the subgroup of G generated by the squares of the elements of G .
This paper is organized as follows. Section 2 contains some preliminary results that will be useful
later. In Section 3 we consider metacyclic groups and we characterize the 2-groups with 4 and 5
rational conjugacy classes within this family. In the passing, and as a consequence of the main result
in this section, we give another characterization of the 2-groups of maximal class in terms of their
rational elements. Sections 4 and 5 are devoted to showing that 2-groups with 4 or 5 rational classes
are metacyclic.
2. Preliminaries
The classiﬁcation of the minimal non-metacyclic p-groups (i.e., the non-metacyclic p-groups all
of whose proper subgroups are metacyclic) was carried out by N. Blackburn. It turns out that there
are four minimal non-metacyclic 2-groups: the elementary abelian group of order 8, C2 × Q 8, the
central product Q 8 ∗ C4 of order 16 and the group with presentation 〈a,b, c | a4 = b4 = [a,b] = 1,
c2 = a2, ac = ab2,bc = ba2〉 (see [1, Theorem 66.1]). Since all these groups have exponent at most 4, it
follows that if Ω2(G) is metacyclic then G is metacyclic too. But these four groups are also generated
by their rational elements, so we have the following result, which will prove to be very useful for our
purposes.
Theorem 1. Let G be a 2-group and suppose that the subgroup generated by the rational elements of G is
metacyclic. Then G is metacyclic.
In fact we can replace ‘rational elements’ by ‘rational elements of order  4’ in the statement
above and the result is still true.
The next lemma gives an easy way to ﬁnd rational elements of order 4.
Lemma 2. Let G be a 2-group and K an abelian normal subgroup of rank 2 which is not elementary abelian.
Suppose that Ω1(K ) is not contained in the center of G. Then G has rational elements of order 4 lying in K .
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of order 2 and normal in G , so it is central. Let z be a generator of it and g ∈ G\CG (Ω1(K )). Since
K is generated by its elements of order 4, g does not commute with some x ∈ K of order 4 and we
claim that x is rational in G . This is clear if g normalizes 〈x〉. Otherwise xg = xu for some non-central
involution u in K , so ug = uz and, as x2 = z, xg2 = xz = x−1. 
As an application of this lemma we give a proof of the promised result that a 2-group cannot
have 3 rational classes exactly. Indeed, if G is such a group, then it only has one central involution z
and there must be another class of involutions (a 2-group with only one involution is either cyclic or
generalized quaternion and neither of these groups have exactly 3 rational classes). Notice that the
group cannot have rational elements of order greater than 2. Now if u is a non-central involution,
then u must commute with any of its conjugates for otherwise we would have two non-commuting
involutions that generate a dihedral group and there would be rational elements of order 4. Thus
L = Ω1(G) is elementary abelian and is the union of 〈z〉 and the class of u. By counting elements the
only possibility is that |L| = 4. Now L < CG(L) (if not, |G| 8, which is impossible), so there exists a
normal subgroup K isomorphic to C2 × C4 containing L and we can use the last lemma to produce a
rational element of order 4.
Lemma 3. Let G be a 2-group with a unique conjugacy class of rational elements of order 4 and suppose that
N = Ω1(G) ⊆ Z(G). Then, if x is a rational element of order 4, 〈x〉N is a normal subgroup of G.
Proof. It suﬃces to show that if y ∈ G is conjugate to x, then xy has order at most 2 (so that xy ∈ N
and y ∈ 〈x〉N).
Suppose then that y = xg . Then
(
x−1 y
)x = x−2xgx = (x−1)gx = y−1x = (x−1 y)−1
(in the second equality we have used that x2 ∈ N ⊆ Z(G)). If xy has order greater than 2 so does
x−1 y = [x, g] and a power of this commutator would be rational of order 4, which is impossible
because such an element cannot be conjugate to x in G . 
3. Metacyclic groups
In this section we compute the number of rational classes of a metacyclic 2-group. First we need
to classify these groups into four families and for this, we shall need an easy number theoretic result.
Lemma 4. Let n  8 and m  4 be powers of 2 and k an odd integer of order m modulo n. Then 2n does not
divide km − 1.
Proof. Obviously, km/2 has order 2 modulo n 8, so km/2 ≡ −1 or ±1+ n/2 (mod n). Since m/2 2,
km/2 ≡ 1 (mod 4), so we must have km/2 ≡ 1 + n/2 (mod n), whence km/2 = 1 + rn/2 for some odd
integer r. Upon squaring we get km = 1 + rn + r2n2/4 and, as n  8, 2n divides n2/4, so we are
done. 
Proposition 5. Let G be a non-abelian metacyclic 2-group. Then there exist generators a and b of orders n
and m, respectively, such that ab = ak for some integer k satisfying one of the following conditions:
(i) k ≡ 1 (mod 4).
(ii) k ≡ −1 (mod 4), n,m 8, km/4 ≡ 1 (mod n) and an/2 = bm/2 .
(iii) G is of maximal class.
(iv) k ≡ −1 (mod 4), m 4 and 〈a〉 ∩ 〈b〉 = 1.
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none of the cases (i), (ii), (iv) holds. Then k ≡ −1 (mod 4).
Now, if 〈a〉 ∩ 〈b〉 = 1, we must have m = 2 and G is either dihedral or semidihedral. Otherwise, if
〈a〉 ∩ 〈b〉 
= 1, this intersection is of order 2 and an/2 = bm/2. If n = 4, then m 8 (otherwise G is the
quaternion group of order 8) and ba = b1+m/2, so we are in case (i). Therefore n 8 and either m = 4
or else, m  8 and km/4 
≡ 1 (mod n). In the latter case k has order m/2 modulo n and, by the last
lemma, 2n does not divide km/2 − 1. Since (k − 1)/2 is odd we deduce that (km/2 − 1)/(k − 1) can be
written as sn/2 for some odd integer s and
(ba)m/2 = bm/2a1+k+···+k(m/2)−1 = bm/2a(km/2−1)/(k−1) = bm/2asn/2 = bm/2an/2 = 1,
so we are, with different generators, in case (iv).
Finally, if m = 4 and b2 = an/2, ab = a−1 or a−1+(n/2) . In the former case G is generalized quater-
nion and, in the latter, (ba)2 = 1, so G is semidihedral. 
Theorem 6. Let G be a non-abelian metacyclic 2-group. Then G has 4 rational conjugacy classes in the cases (i)
and (ii) in the previous proposition, it has 5 rational classes in the case (iii) and 6 rational classes in the case (iv).
Proof. We keep the notation of the preceding proposition. It is an easy exercise to prove that 2-groups
of maximal class have exactly 5 rational conjugacy classes so, for the rest of the proof, we shall
assume that one of the cases (i), (ii) or (iv) holds.
We start by showing that G has no rational elements of order greater than 4 except in case (iv)
when a and bm/2 do not commute.
Indeed, if g ∈ G is a rational element then, as G/〈a〉 is abelian, g2 ∈ 〈a〉, whence NG(〈g2〉)/CG (g2)
is cyclic. But g2 is also rational, so NG(〈g2〉)/CG (g2) ∼= Aut〈g2〉 and the order of g2 cannot be greater
than 4. Therefore the order of g is at most 8. We suppose now that g has order 8. There is no loss if
we assume g2 = an/4. As g2 is rational, we must have (g2)b = g−2, so k ≡ −1 (mod 4) and case (i) is
ruled out.
If we write g = bia j then g2 ∈ 〈a〉 implies that b2i ∈ 〈a〉 ∩ 〈b〉, whence bi has order at most 4. If
the order is 4, then we are in case (ii) and bi is a central element. But then g and a commute, which
is impossible because, being g rational, NG(〈g〉)/CG (g) ∼= Aut〈g〉 ∼= C2 × C2, which is not cyclic. So the
order of bi is 2, whence bi = bm/2 and, since we cannot have bi ∈ 〈a〉, case (iv) holds. In addition a
and bm/2 do not commute. Notice that this forces n 16. Moreover, as m/2 2, abm/2 = a1+(n/2) and
then an/4 = g2 = a2 ja jn/2, whence a j ∈ 〈an/8〉 and g ∈ 〈bm/2,an/8〉 ∼= C2 × C8. We can check that this
subgroup contains a unique rational class of G of elements of order 8, namely the class of bm/2an/8.
Now we work to show that the number of rational classes of elements of order at most 4 is 4 in
cases (i) and (ii) and that, in case (iv), this number is 6 or 5 according as a and bm/2 commute or not,
respectively.
A metacyclic 2-group has exactly three involutions except if it is cyclic or of maximal class (see
[4, Theorem 2.1]), so we can suppose that L = Ω1(G) ∼= C2 ×C2. We denote x = an/4 and z = x2, which
is a central involution.
Case (i) is easy: if y is a rational element of order 4, y2 ∈ 〈a〉 and y2 = z. Since x is central, u = xy
is a (non-central) involution whence y ∈ 〈u, x〉 ∼= C2 × C4. Then the rational classes of G are those
of 1, z, u and xu. On the other hand, if G has no rational elements of order 4, the three involutions
must be central (by applying Lemma 2, for instance) and again G has 4 rational classes.
Case (ii) is similar. Of course x is now a rational element of order 4 and u = xbm/4 is a (non-central)
involution. If y is a rational element of order 4, (ybm/4)2 = 1, so y ∈ 〈u,bm/4〉 = 〈u, x〉 ∼= C2×C4. Again
G has 4 rational classes (with representatives 1, z, u and x).
Let’s consider now case (iv). First note that, if y is a rational element of order 4, then it commutes
with x for otherwise, xy = x−1. This implies that y = bia j with i an odd integer and, working in
G/〈a〉, we would have that the order of b is the same as the order of bi = y, which is 2, against the
hypothesis m  4. Thus xy is an involution and y ∈ 〈u, x〉 ∼= C2 × C4, where u = bm/2. Now, if u does
not commute with a, there are 5 rational classes inside 〈u, x〉 (those of 1, z, u, x and xu). On the
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z, u, zu, x and xu). 
According to [3, Theorem 4.4] the 2-groups in the family (i) of Proposition 5 are the 2-groups with
4 rational irreducible characters. However, the groups in the family (ii) do have 4 rational conjugacy
classes as well. It can be checked that they actually have 6 rational irreducible characters.
As one can see from the previous proof the subgroup generated by the rational elements in a non-
abelian metacyclic 2-group which is not of maximal class is isomorphic to one of the groups C2 × C2,
C2 × C4 or C2 × C8. Combining this with Theorem 1 we get the following consequence.
Corollary 7. Let G be a non-trivial 2-group and suppose that the subgroup T generated by its rational elements
is metacyclic. Then either G is of maximal class (and G = T ) or T is isomorphic to one of the groups C2 , C2×C2 ,
C2 × C4 or C2 × C8 .
This way we get another characterization of the 2-groups of maximal class as the 2-groups whose
rational elements generate a non-abelian metacyclic subgroup.
4. 2-Groups with 4 rational conjugacy classes
We want to show that the groups in the cases (i) and (ii) of Proposition 5 are all the 2-groups
with 4 rational conjugacy classes, so we need to show that such groups are necessarily metacyclic.
Theorem 8. A 2-group with 4 rational conjugacy classes is metacyclic, so the groups in the families (i) and (ii)
of Proposition 5 are all the 2-groups with 4 rational classes.
Proof. Let G be a 2-group with 4 rational classes. If the center of G is not cyclic its rank is 2 and the
rational elements of G are those in Ω1(Z(G)). Since this group is metacyclic the result follows from
Theorem 1.
Now suppose Z(G) is cyclic and let z be the unique central involution of G . Of course there are
more involutions because if not G is cyclic or generalized quaternion and these groups have 2 or 5
rational classes. We claim that there are also rational elements of order 4. Otherwise the involutions
(together with the trivial element) would account for all the rational, as well as all the real, elements
of G and, having G exactly 4 real classes, it would also have exactly 4 real irreducible characters. This
implies that G/Φ(G) ∼= C2 × C2 and so the 4 real irreducible characters would actually be rational.
But the 2-groups with 4 rational irreducible characters are characterized in [3, Theorem 4.4] and they
turn out to be metacyclic.
So we can suppose that G has two classes of involutions and a unique class of rational elements
of order 4. Since, by a result of Alperin, Feit and Thompson, the number of involutions in a non-
cyclic and non-maximal class 2-group is congruent to 3 mod 4 (see [2, Theorem 4.9]), we have that
the class of the non-central involutions has size 2 and the subgroup generated by all the involutions
is a non-central normal subgroup isomorphic to C2 × C2. This subgroup is not self-centralizing (or
else |G| 8), so it is contained in a normal subgroup K isomorphic to C2 × C4 which, by Lemma 2,
contains rational elements of order 4. Then K is in fact the subgroup generated by all the rational
elements of G and is metacyclic so the result follows from Theorem 1. 
5. 2-Groups with 5 rational conjugacy classes
Theorem 9. Let G be a 2-group with 5 rational conjugacy classes. Then G is dihedral, semidihedral or gener-
alized quaternion.
Proof. By Theorem 6 it suﬃces to show that a 2-group with 5 rational conjugacy classes is meta-
cyclic. We argue by contradiction assuming that G is a non-metacyclic 2-group with exactly 5 rational
classes. We shall get a contradiction in a number of steps.
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most 64. This can be easily checked for instance with GAP [5].
Step 1. G has rational elements of order 4.
Otherwise the rational elements of G are the elements of order at most 2 and they are also all the
real elements of G . Therefore G has precisely 5 real conjugacy classes and 5 real irreducible complex
characters. In [3] it is proved that there are only three 2-groups with 5 real irreducible characters:
D8, Q 8 and SD16, all of which are of course metacyclic.
Step 2. G has cyclic center.
Suppose that the center of G is not cyclic. Then G has at least three central involutions and, bear-
ing in mind Step 1, we conclude that G has no more involutions and a unique conjugacy class of
rational elements of order 4. By Lemma 3 we conclude that if x is a rational element of order 4
the subgroup generated by the rational elements of G is T = 〈x〉N , where N = Ω1(G) ∼= C2 × C2.
Obviously T ∼= C2 × C4, which is metacyclic, so G is metacyclic too by Theorem 1, against the hypoth-
esis.
In the sequel z will denote the unique central involution of G .
Step 3. G has two or three conjugacy classes of involutions.
Since G has rational elements of order 4, it cannot have more than three classes of involutions.
On the other hand the 2-groups with exactly one class of involutions are the 2-groups with only one
involution, which are metacyclic.
Step 4. G has a non-central normal elementary abelian subgroup N of order 4.
By Alperin, Feit and Thompson’s result, G contains a conjugacy class of size 2, which for the rest
of this paper, will be supposed to be that of the element u. By the previous step there is at most
another conjugacy class of involutions and, if it exists, its size will have to be greater than 2, so the
class of u is the unique class of size 2 and, since this is also the size of the class of uz, we conclude
that the class of u consists precisely of u and uz. Then N = 〈u, z〉 is a non-central normal subgroup
of G isomorphic to C2 × C2.
Step 5. G has no normal elementary abelian subgroup of order 8.
We suppose that G possesses a normal elementary abelian group L of order 8. Then G has three
classes of involutions, all of them contained in L, so L = Ω1(G). Now, L does not self-centralize (be-
cause |G| > 64), so there exists an abelian normal subgroup T containing L with |T : L| = 2 and
necessarily T ∼= C2 × C2 × C4.
We claim that |CT (g)| 4 for any g ∈ G . This is clear if |CL(g)| 4, so we can suppose CL(g) = 〈z〉.
Then there exists v ∈ L\N such that vg = vu and ug = uz. Now let n = o(g) and notice that gn/2 ∈ L,
so gn/2 = z. The action of g on L has order 4, so n  8. Moreover, if n = 8, g4 = z and vg2 is an
involution not lying in L, a contradiction. Finally, if n 16, gn/4 acts trivially on T (this is because for
any x ∈ T\L, xg = xw for some w ∈ L and xg4 = xwwgwg2wg3 = x) so, if we take an element x ∈ T\L,
x2 = z and xgn/4 is an involution. Therefore gn/4 ∈ T and |CT (g)| 4, as desired.
Next we see that there exist elements g ∈ G with |CL(g)| = 2. Indeed, the factor group G/CG (L) is
naturally isomorphic to a subgroup H of the group of unipotent automorphisms of L (those stabilizing
the chain 〈z〉 < N < L), which is isomorphic to D8. There are two maximal subgroups of D8 of expo-
nent 2: one corresponds to the group of automorphisms of L that ﬁx N elementwise and the other to
the group of automorphisms that induce the identity on L/〈z〉. The actions of these two groups on L
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element g ∈ G such that vg = vu, ug = uz and this is the desired element.
If g is as in the last paragraph, then CT (g) is not contained in L, so there exists an element
x ∈ T\L that commutes with g . Notice that T 2 = 〈z〉, so x2 = z and (xu)g = (xu)−1. Therefore T is the
subgroup generated by the rational elements of G . In fact, by conjugating by g and g2, one can check
that all the elements xw for w ∈ L, w 
= 1, z are rational, so the conjugacy class of x contains these
six elements and it must be the full set of elements of order 4 in T .
Let H be now the subgroup of Aut T deﬁned by the action of G on T . Then the orbit of x under H
is the conjugacy class of x, which has size 8, and the stabilizer of x in H contains the automorphism
induced by g , which has order 4, so we conclude that |H| 32. In fact H is contained in the group P
of automorphisms of T that act unipotently on L. The group P has order 64 and H 
= P because there
are elements σ ∈ P such that |CT (σ )| = 2, so H is a maximal subgroup of P .
It can be checked, either by hand or with the help of GAP, that of the 7 maximal subgroups
of P only one satisﬁes the conditions that its action on L has 4 orbits, the elements of order 4 in T
form a unique orbit and every element acts on T ﬁxing at least four elements. It turns out that this
unique maximal subgroup contains the automorphisms α and β deﬁned by xα = xu, vα = vz, uα = u,
zα = z and xβ = xv , vβ = v , uβ = uz, zβ = z. Then let K  G be the subgroup corresponding to
〈α,β〉 ∼= C2 × C2 under the map G → H given by conjugation of G on T . As one can immediately see,
K has 5 classes of elements of order at most 2 but no rational elements of order 4 and, containing L,
is not metacyclic. This contradicts Step 1 and this contradiction proves this step.
Step 6. G has a normal subgroup K isomorphic to C2 × C4 that contains rational elements in G of order 4 and
a subgroup T ∼= C2 × C2 × C4 with K ⊆ T .
It is clear that N is not a maximal normal abelian subgroup of G , so there exists a normal abelian
subgroup K with |K : N| = 2. Since G has no normal elementary abelian subgroups of order 8, K ∼=
C2 × C4. Then, from Lemma 2, K contains some element x of order 4 which is rational in G . In
addition K 2 = 〈x2〉 is a cyclic normal subgroup of order 2, so x2 = z and K = 〈u, x〉.
Let H be the image of the natural homomorphism from G to Aut K ∼= D8 induced by conjugation
and notice that there must be elements in H (possibly distinct) sending u to uz and x to x−1. If
H has exponent 2 the only possibility is that H is generated by the inversion map and the auto-
morphism u → uz, x → x. But then the 5 rational classes of G are those of the elements 1, z, u, x
and xu, so the rational elements of G generate K , which is metacyclic and G would be metacyclic
too, by Theorem 1. We conclude that H has exponent 4 and so there exists an element g ∈ G such
that xg = xu and ug = uz. Thus the 4 elements of order 4 in K form a rational conjugacy class
in G .
Since |G| > 64, K is not self-centralizing, and so there exists an abelian normal subgroup R con-
taining K with |R : K | = 2. If R ∼= C2 × C2 × C4, we are done. So we can suppose that R ∼= C2 × C8 or
C4 × C4. In the former case R2 is a cyclic normal subgroup of order 4 contained in K , but K has no
such subgroup (recall that all the elements of order 4 in K are conjugate), so R ∼= C4 × C4 and we can
write R = 〈t, x〉 with t2 = u.
Now let n = o(g). If n  8, gn/2 is an involution that centralizes K , so if this element is not in K ,
we simply take T = K 〈gn/2〉. Thus we suppose that gn/2 ∈ K , which actually means that gn/2 = z.
If n  16, gn/4 commutes with x and (xgn/4)2 = 1. Moreover, xgn/4 /∈ K , so T = K 〈xgn/4〉 is the
desired subgroup.
We ﬁnally argue that, when n = 4 or 8, G has more than 5 rational classes. We have to consider
the action of g on t . Of course t g = txw for some w ∈ N and we can suppose that w = 1 or u. In any
case CR(g) = 〈z〉.
If n = 8, 〈x, g2〉 ∼= Q 8, so g2 is a rational element of order 4 not contained in R . Now, if w = 1,
g2t is an involution outside N , so we would have at least 6 rational conjugacy classes. On the other
hand, if w = u, t g2 = t−1 and again we have at least 6 rational classes.
The remaining case is when n = 4. Then R ∩ 〈g〉 = 1 and g2 is an involution outside N . If w = 1,
g2t has order 4 and is inverted by x, whereas, if w = u, t g2 = t−1. In any case there are at least 6
rational classes.
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Let v be an involution not conjugate to z or u. By the previous step we can suppose that v
centralizes K . We claim that L = Ω1(G) is non-abelian for, otherwise, it is elementary abelian and
therefore the union of N and the class of v , whence |L| = 4 + |ClG(v)|. Since |L| and |ClG(v)| are
powers of 2 the only possibility is that |ClG(v)| = 4 and |L| = 8, so that L is indeed elementary
abelian of order 8, against Step 5.
So v does not commute with some of its conjugates, say with v ′ . Then v and v ′ generate a dihedral
group and a power of vv ′ is an element of order 4 inverted by v . But G has a unique class of rational
elements of order 4, which is contained in K , so an element of order 4 in K is inverted by v , which
contradicts the fact that v centralizes K . This is the ﬁnal contradiction. 
Acknowledgments
Part of this work was done while the second author visited the University of the Basque Country,
and he wants to thank the Mathematics Department for its hospitality. He also wants to thank pro-
fessor Marty Isaacs for many useful conversations on this subject while he visited the University of
Wisconsin-Madison.
References
[1] Y. Berkovich, Z. Janko, Groups of Prime Power Order, vol. 2, Walter de Gruyter, Berlin, 2008.
[2] I.M. Isaacs, Character Theory of Finite Groups, Dover, New York, 1994.
[3] I.M. Isaacs, G. Navarro, J. Sangroniz, p-Groups having few almost-rational irreducible characters, Israel J. Math., in press.
[4] Z. Janko, A classiﬁcation of ﬁnite 2-groups with exactly three involutions, J. Algebra 291 (2005) 505–533.
[5] The GAP Group, G.A.P. Groups, Algorithms and Programming, Version 4.4.12, 2008, http://www.gap-system.org.
